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We study thermal equilibration after preheating in inflationary cosmology, which is an important
step towards a comprehensive understanding of cosmic thermal history. By noticing that the problem
is parallel to thermalization after a relativistic heavy ion collision, we make use of the methods
developed in this context and that seek for an analytical approach to the Boltzmann equation.
In particular, an exact solution for number-conserving scatterings is available for the distribution
function in a Friedmann-Lemaˆıtre-Robertson-Walker metric and can be utilized for the spectral
evolution of kinetic equilibration process after preheating. We find that thermal equilibration is
almost instantaneous on the time scale of the Hubble time. We also make an explicit prediction for
the duration (the number of e-folds of expansion) required for this process of thermal equilibration
to complete following the end of inflation.
I. INTRODUCTION
The inflationary scenario [1] has become the main
paradigm of early universe cosmology. It involves a phase
of accelerated expansion of space which is usually driven
by the potential energy of a scalar matter field ϕ, the
so-called inflaton. The phase of accelerated expansion
redshifts whatever regular matter was present at the be-
ginning of the period of inflation and leaves the matter
fields in a vacuum state.1 In order to make successful
contact with late-time cosmology, a phase of reheating
during which the energy is transferred from the inflaton
field to regular matter, in the form of relativistic parti-
cles, is hence essential.
Reheating was initially studied in leading-order per-
turbation theory [3, 4]. Such analysis, however, neglect
the fact that the inflaton is a coherent state of zero mo-
mentum particles at the end of the period of inflation.
In many models, the inflaton field is slowly rolling dur-
ing the period of accelerated expansion but then begins
to oscillate about the minimum of its potential energy
function when inflation ends. As realized in Refs. [5, 6],
these oscillations lead to a parametric instability in the
equations of motion for modes of fields χ which couple
to the inflaton. There is a Floquet instability [7] that
can then lead to an energy transfer from the inflaton to
matter which is rapid on the scale of the Hubble time.
However, the matter that is produced by this process is
in general not thermally distributed. There are models in
which the resonance occurs in narrow instability bands,
but there are also classes of models in which broad res-
onance occurs, a process in which all modes of χ with
wavenumbers smaller than a critical value kc, set by the
∗Electronic address: rhb@physics.mcgill.ca
†Electronic address: namba@physics.mcgill.ca
‡Electronic address: rudnei@uerj.br
1 One should note that one exception to this is the warm infla-
tion scenario [2] in which there is a continuous and sustained
production of radiation during inflation.
mass of χ, are excited. This process has been dubbed
preheating in the literature [8–10] (see also Refs. [11, 12]
for recent detailed reviews of preheating).
In order to connect successfully to late-time cosmol-
ogy, the preheating phase must be followed by a period of
thermalization. There are two aspects to the thermaliza-
tion process. The first involves the redistribution of the
energy of the particles such that a thermal distribution is
obtained. This is called kinetic equilibration. The second
aspect is the increase in the number of particles required
in order to obtain the thermal amplitude of the particle
spectrum. This is called chemical equilibration. In this
work we will focus only on kinetic equilibration. Ther-
malization after inflation has been studied in many works
(see, e.g., Refs. [11, 12] and the cited references therein
and also Ref. [13] for some early studies), but mostly us-
ing a leading-order perturbative analysis. Using these
methods it is usually found that the time it takes before
thermalization completes is much longer than the Hubble
expansion time at the end of inflation, and hence, that
the highest temperature of the post-inflationary thermal
gas can be in general many orders of magnitude smaller
than that corresponding to the energy scale of inflation.
However, since the state of matter after preheating is
a special state which is far from thermal equilibrium, the
applicability of a leading-order perturbative analysis is
questionable. In the present work we wish to present an
analysis of kinetic equilibration, the first stage of ther-
malization, which is appropriate for initial states of mat-
ter produced by preheating. The problem of thermaliza-
tion has also been considered using numerical simulations
of classical field dynamics [14], but for initial conditions
which follow a period of narrow resonance, not broad
resonance (see also Ref. [15]).
We consider models in which the initial energy trans-
fer from the inflaton field to regular matter occurs via
broad parametric resonance. In this case, the state at
the end of preheating is similar to the initial state as-
sumed in some studies of thermalization in heavy ion
collisions (see, e.g., Ref. [16]). There has recently been a
lot of work on thermalization of plasmas created in rel-
ativistic heavy ion collisions. Here we take advantage of
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2this similarity between preheating and the dynamics that
can happen in the early stages of thermalization follow-
ing heavy ion collision experiments and apply some of
those techniques used to study the latter in the present
study. We in particular make use of the formalism re-
cently developed in Ref. [17], which we find well suited
to the present problem.
This work is organized as follows. In Sec. II, we briefly
review some of the key aspects of the preheating dynam-
ics. In Sec. III, we summarize the formalism developed
in Ref. [17] and that we make use of. Then, in Sec. IV,
we specifically apply the results shown in the previous
section to the problem of kinetic equilibration of the pro-
duced particles following preheating. In particular, we
compute the time scale over which the distribution of
particles initially created by broad resonance preheating
approaches a thermal distribution. We end with a dis-
cussion of our results in Sec. V.
We work in natural units, in which ~ = c = kB =
1. The reduced Planck mass is denoted by MPl ≡
1/
√
8piG ' 2.4 × 1018GeV. We assume a spatially flat
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric,
ds2 = −dt2 + a(t)2dx2, (1.1)
where t is the physical time, x are the comoving spatial
coordinates and a(t) is the scale factor, which describes
the expansion of space. The Hubble expansion rate is
H(t) ≡ a˙
a
, (1.2)
where the overdot is the derivative with respect to t. The
inverse of H(t) is the Hubble expansion time, the char-
acteristic expansion time scale. Preheating proceeds on
a time scale much shorter than H−1(t), whereas leading-
order perturbative reheating calculations lead to a re-
heating time that is much longer than H−1(t). Our in-
terest is to compare the time of kinetic equilibration with
this Hubble expansion time.
II. A BRIEF REVIEW OF PREHEATING
In this work we mostly consider only one particle
species that is involved in the thermalization process,
which is the species corresponding to the field which is
excited during broad resonance preheating. However, we
also comment later on the effects of having more than
one particle species and that could contribute to the ra-
diation bath (i.e., relativistic species). Thus, we consider
a theory in which the inflaton field ϕ couples to another
scalar field χ via an interaction Lagrangian density given
by
LI = −g
2
2
χ2ϕ2 , (2.1)
where g is the coupling constant between ϕ and χ. We
have in mind a model of chaotic inflation [18], where ϕ
begins to oscillate about ϕ = 0 at the end of the infla-
tionary phase. The amplitude A of oscillation is close to
the Planck mass (about one order of magnitude smaller),
while the frequency is given by the mass of ϕ, mϕ, which
must be several orders of magnitude smaller than the
Planck mass, mϕ ∼ 10−6MPl, in order to obtain the cor-
rect order of magnitude of the cosmological perturbations
(see, e.g., Refs. [19, 20] for reviews of the theory of cos-
mological perturbations).
In the presence of the oscillating inflaton field, the
equation of motion for the Fourier modes χk of χ is
χ′′k + [Ak − 2q cos(2z)]χk = 0, (2.2)
where z = mϕt, a prime denotes the derivative with re-
spect to z and the parameters q and Ak are given, re-
spectively by
q =
g2A2
4m2ϕ
, (2.3)
Ak =
k2 +m2χ
m2ϕ
+ 2q, (2.4)
where mχ is the mass of χ, which we assume is negli-
gible compared to mϕ (which is a natural assumption if
χ stands for a field of the Standard Model of particle
physics or some other possible particle from beyond the
Standard model). Since mϕ  MPl we have q  1 for
the values of g of our interest. In this case, all modes
with k < kc, where [8]
kc ' 1
2
√
gmϕA, (2.5)
are excited exponentially and
χk(z) ∝ eµkz, (2.6)
where µk, called the Floquet exponent, is of order one
and it depends only mildly on k for the range of k values
mentioned above. This is an example of broad parametric
resonance.
The number density of χ particles produced during the
preheating grows as ∝ e2mϕµt, where t is the duration of
the preheating phase and µ is the maximum value of µk.
The parametric resonance terminates due to the back-
reaction of produced χ particles onto the homogeneous
motion φ(t) of ϕ, once the number density reaches the
value [8]
nχ '
m2ϕA
g
, (2.7)
where we have assumed that the resonance is fast and
terminates before the amplitude of the ϕ oscillation
decreases substantially due to the expansion during
preheating. Since the produced χ particles are non-
relativistic at the end of preheating, i.e., meff,χ ≡ g|φ| '
gA > kc (equivalent to q > 1), the energy density of χ at
the end of preheating is evaluated to be
ρχ ' g|φ|nχ ' m2ϕA2 , (2.8)
3that is, most of the oscillation energy of ϕ is transferred
to χ particles.
If, for example, one assumes a naive perturbative ther-
malization of χ through a quartic coupling, e.g., with
self-interacting Lagrangian density,
Lχ = − h
4!
χ4 , (2.9)
where h is a dimensionless coupling constant, then the
interaction rate at the time of reheating would be [21],
Γpert = 〈nσv〉 ' 0.002h2T pertr , (2.10)
where n is the number density, σ is the cross section of
the interaction (2.9), and v is the mean relative velocity
of the χ particles, which is taken to be unity in this case.
Angular parentheses indicate spatial averaging, and T pertr
is the reheating temperature in this treatment. Equating
this to the Hubble parameter at temperature T pertr as the
start of a radiation-dominate period, we find
T pertr ' (2× 1016 GeV) g−1/2∗ h2 , (2.11)
where g∗ is the number of relativistic degrees of freedom.
On the other hand, if χ somehow decayed into rela-
tivistic particles immediately after preheating and these
particles thermalized instantaneously, then the reheating
temperature would be
T instr ' 1.3g−1/4∗
√
mϕA ' (2× 1015 GeV) g−1/4 , (2.12)
where mϕ ' 5× 10−16MPl and A ' 0.1MPl are taken in
the last step in view of the chaotic inflationary scenario.
These estimates of the reheating temperature, T pertr and
T instr , are based on too simplified assumptions and should
not be taken as the true reheating temperature without
careful reasoning. In the following, we perform a more
rigorous analysis of the thermalization after preheating
of χ particles, with the use of the exact result of the
nonlinear Boltzmann equation obtained in Ref. [17]. We
are here interested in the kinetic equilibration of the pro-
duced χ particles and leave the study of the thermaliza-
tion of the residual energy in ϕ to a separate study.
III. THE BOLTZMANN EQUATION AND ITS
EXACT SOLUTION
The fundamental object of our analysis is the phase
space distribution function f(x,k, t) of χ particles, where
k are the comoving momentum vectors. For homoge-
neous and isotropic cosmology this function depends only
on the magnitude k of k, i.e.,
f(x,k, t) = f(k, t) ≡ fk(t) . (3.1)
In terms of the distribution function, the number density
of particles is defined by
n(t) =
1
2pi2a3(t)
∫ ∞
0
k2fk(t)dk, (3.2)
and the energy density is
ρ(t) =
1
2pi2a4(t)
∫ ∞
0
k3fk(t)dk. (3.3)
In solving the Boltzmann equation below, we denote by
t0 the initial time of the analysis (i.e., the time when the
premises taken in Ref. [17] are met) and the number den-
sity of χ particles at that time by nχ. We also introduce
a dimensionless time,
t′ ≡ t
l0
, (3.4)
by rescaling with respect to the initial mean free length
l0, which is given by
l0 =
1
σtotnχ
, (3.5)
where σtot is the total scattering cross-section and the ve-
locity of χ is taken to be unity under the assumption of
relativistic χ particles. Here, we also follow Ref. [17] and
assume that the total cross-section σtot is independent of
the momentum of scattering particles for simplicity. A
more general cross-section should not change this analy-
sis qualitatively.
For the study of kinetic equilibration it is sufficient to
study the effects of 2 → 2 body interactions on the dis-
tribution function. Considering additional interactions
could lead to a shorter equilibration time, as we explic-
itly also show later on. The relevant distribution function
is obtained from the solution of the Boltzmann equation,
which in the case of a homogeneous and isotropic dis-
tribution and written in the comoving frame, takes the
form [17]
k
a(t)
∂
∂t
fk = Cgain − Closs, (3.6)
where the gain and loss terms are given by
Cgain = (2pi)
5
2
∫
k′pp′
sσT
√−gδ4(k + k′ − p− p′)fpfp′ ,
Closs = (2pi)
5
2
∫
k′pp′
sσT
√−gδ4(k + k′ − p− p′)fkfk′ ,
(3.7)
where s is the total energy and we define∫
k
≡
∫
d3k
(2pi)3k0
√−g , (3.8)
with g being the determinant of the metric. The term
Cgain describes the particles produced by scatterings,
while Closs gives the loss of particles as a consequence
of such scatterings.
As discussed in Ref. [17], in the case of an initial dis-
tribution of the form
fk(0) = λ
256
243
k
T0
exp
(
− 4k
3T0
)
, (3.9)
4the Boltzmann equation in a FLRW spacetime has an
exact solution,
fk(τ) =
λe−k/[K(τ)T0]
K4(τ)
{
4K(τ)− 3 + k
K(τ)T0
[1−K(τ)]
}
,
(3.10)
where λ is the fugacity, which we here set as one (i.e., we
assume negligible chemical potential for the system), the
new dimensionless time variable τ in the above equation
is defined as
τ(t) =
∫ t/l0
t0/l0
dt′a−3(t′), (3.11)
and the function K(τ) is
K(τ) = 1− 1
4
e−τ/6. (3.12)
This distribution approaches an equilibrium distribution
on a time scale given by τ ≈ 6.
The initial particle distribution given by Eq. (3.9) is
qualitatively similar to the particle distribution produced
by broad parametric resonance with T0 ∼ mϕ. In both
cases the number density is nearly constant for all modes
to the infrared of a critical scale beyond which the num-
ber density falls off exponentially when k & mϕ. Hence,
it is a good approximation to take the distribution of
χ particles once they become relativistic after preheat-
ing to evolve according to Eq. (3.10). In particular, the
distribution approaches a thermal one over a time scale
given by τ ∼ O(1). Different levels of agreement with
thermality can be parametrized by considering that
τ = N, (3.13)
where N is some integer such that N ≤ 6, for which K(τ)
in Eq. (3.12) has not reached its static value K → 1.
Let us now see how the above solution for the Boltz-
mann equation applies to the present problem in this
work.
IV. APPLICATION TO KINETIC
EQUILIBRATION FOLLOWING PREHEATING
In spite of the fact that the distribution of χ particles
at the end of preheating is not thermal, the equation of
state is approximately that of a matter-dominated uni-
verse for some time after preheating. The produced χ
particles are also non-relativistic right after the end of
preheating, due to the mass modulated by the coherent
mode φ(t) of the inflaton, meff,χ(t) = gφ(t). The χ parti-
cles are dominated by the modes around kc in Eq. (2.5) at
the end of preheating, and from then on this momentum
redshifts due to expansion, k(t) = kca(tp)/a(t), where
tp denotes the time at the end of preheating. The effec-
tive mass meff,χ ∝ a−3/2 redshifts faster than momentum
∝ a−1, and thus the produced χ particles eventually be-
comes relativistic. This transition occurs at the moment
when the two quantities become equal, meff,χ(tr) = k(tr),
namely
a(tr)
a(tp)
' g
2A2
k2c
, (4.1)
where tr denotes the time when χ becomes relativistic
and A is the amplitude of the ϕ oscillation during pre-
heating as previously defined. For t > tr > tp, the exact
solution of the Boltzmann equation, Eq. (3.10), is valid.
As observed in (3.10) with (3.11), the behavior in ap-
proaching quasi-static distribution depends on the ratio
t0/l0. To evaluate l0 by Eq. (3.5), we consider as an ex-
ample the quartic self-interaction for the χ particles, as
in Eq. (2.9). The total center-of-mass cross-section for
scattering at time t = tr is
σtot ' σ0 48pi
2nχ(tr)
k3(tr)
, (4.2)
where the cross-section in vacuum σ0 = h
2/(16pik2) [21]
is enhanced due to the presence of abundant χ parti-
cles [8]. Since the production of χ particles terminates
when the produced modes start back-reacting to the pro-
ducing ϕ homogeneous modes, the number density of χ
at this moment is [8]
nχ(tp) '
m2ϕA
g
. (4.3)
Thereafter, nχ redshifts as a
−3 for tp < t < tr. Combin-
ing the above results, we find
l−10 ' 3pih2
n2χ(tp)
k5c
a(tp)
a(tr)
' 3pi h
2
g4
m4ϕ
k3c
. (4.4)
We now compare l0 against the time scale of the expan-
sion. Identifying the initial time t0 in Sec. III with tr, the
time when the solution (3.10) begins to be valid, we have
t0 = tr = 1/[2H(tr)], where H(tr) is the Hubble rate at
time tr. The energy density is roughly ρ(tp) ' m2ϕA2/2
at the end of preheating, and it redshifts as ρ(t) ∝ a−3
for t > tp. Hence, we obtain that
t0 '
√
3
2
MPl
mϕA
[
a(tr)
a(tp)
]3/2
'
√
3
2
g3MPlA2
mϕk3c
. (4.5)
Therefore, the ratio for the initial scattering rate against
the expansion rate is
t0
l0
' 211/2 · 33/2pi h
2
g4
MPl
A
' 7.4× 1015 h2
(
10−3
g
)4(
10−1MPl
A
)
. (4.6)
where Eq. (2.5) has been used for kc. The value for the
coupling constant g needs to be . 10−3 in order for the
quantum corrections coming from the interaction term
(2.1) not to spoil the flatness of the inflaton potential.
5On the other hand, we are interested in the regime of
broad resonance q > 1, which translates to g > 2mϕ/A.
Thus, the available range of g is
10−4
(
mϕ
5× 10−6MPl
)(
10−1MPl
A
)
< g . 10−3. (4.7)
As for the quartic self-coupling h for the χ-particles, in
general, we can still have it satisfying h . 8pi2 (which
is the typical numerical factor following the perturba-
tive quantum corrections involving the χ self-coupling)
and still be in the perturbative regime. Thus, as seen in
Eq. (4.6), the time scale of scattering due to the quartic
self-interaction of χ is much shorter than that of expan-
sion at t = t0 (= tr), l0  t0, in our scenario. Conse-
quently, the condition given by Eq. (3.13) becomes
δt ' Nl0, (4.8)
where δt is the time interval from the beginning of kinetic
equilibration to the time of its completion.
Our result Eq. (4.8) implies that kinetic equilibration
occurs on time scales much smaller than the expansion
time scale, i.e., almost instantaneously. This result does
not agree with what is obtained using simple perturbative
methods and discussed in Sec. II.
From the above results, we can also give a prediction
for the duration of the whole process lasting from the end
of inflation till the completion of kinetic equilibration.
The onset of themalization is at t ' tr in the scenario
we have considered above. From Eq. (4.1), the e-folding
number from the end of inflation to the onset time, ∆Npr,
is then evaluated to be
∆Npr = ln
a(tr)
a(tp)
' 4.38 + ln g
10−3
+ ln
A
10−1MPl
− ln mϕ
5× 10−6MPl . (4.9)
Since broad resonance is an efficient production mech-
anism for particles and it terminates immediately after
the inflaton oscillation sets in, and since the thermal-
ization completes almost instantaneously, ∆Npr well ap-
proximates the duration to thermalize the produced χ
particles after the end of inflation.
So far in this section, we have considered the ther-
malization of χ particles after they become relativistic.
Another possible scenario is that χ could also decay into
an already relativistic particle, say σ, and σ thermalizes
to drive the radiation-dominated epoch. Simplest rele-
vant operators in such processes are coupling terms of
the form −κχσ2 for the decay and −ασ4/4! for the ther-
malization, where κ and α are the respective coupling
constants. The thermalization process by the σ4 term
parallels the one we have discussed above, but the pre-
heated χ field has to decay first in such a scenario. The
decay rate reads Γχ→2σ = κ2/(16pig|φ|), and thus this
decay becomes effective when Γχ→2σ ' H, i.e.,
a(t)
a(tp)
' 2.7
(
g
κ2
mϕA2
MPl
)1/3
. (4.10)
This time scale comes in after the thermalization of χ by
the χ4 term if Eq. (4.10) is larger than the result given
by Eq. (4.1), which gives us an upper bound for the value
of the coupling constant κ,
κ . 4.4× 10−8MPl, (4.11)
where we have used g = 10−3, mϕ = 5 × 10−6MPl and
A = 0.1MPl. For values of κ satisfying Eq. (4.11), the
preheated χ particles themselves thermalize quickly; oth-
erwise, some intermediate particles σ may be involved in
the thermalization process. Hence, we can see the result
given by Eq. (4.9) as giving an upper bound for the du-
ration of the thermalization process. Any other particle
species taking part in this process can only render it more
efficient.
If the condition given by Eq. (4.10) is satisfied and
thermalization completes through the χ4 interaction, the
reheating time is set by Eqs. (4.1) and (4.9). Since the
energy density decreases as ∝ a−3 during the period tp <
t < tr, then using
ρ(tr) =
pi2
30
T 4r ' m2ϕA2
[
a(tp)
a(tr)
]3
, (4.12)
we have that the reheating temperature in this scenario
is found to be given by
Tr ' 8.5× 1013 GeV
×
(
10−3
g
)3/4(
mϕ
5× 10−6MPl
)5/4(
0.1MPl
A
)1/4
.
(4.13)
This result should serve as the lower bound of the re-
heating temperature in the scenario of preheating of the
χ field after chaotic inflation. As discussed above, ther-
malization may occur earlier if χ decays into relativistic
particles in an earlier time when the χ particles are still
non-relativistic.
V. CONCLUSIONS AND DISCUSSION
Broad resonance preheating produces a state of χ par-
ticles which have a similar initial distribution as a func-
tion of wavenumber as the quanta in a relativistic heavy-
ion collision (RHIC) immediately after the collision. We
have used methods developed in Ref. [17] motivated by
work on the thermalization after RHIC events to study
the kinetic equilibration of the χ quanta. Our analysis is
based on solving the Boltzmann equation for the phase
space distribution of χ quanta and the exact solution ob-
tained in the case of a FLRW universe.
We find that the kinetic equilibration of the χ quanta
after preheating is fast on the Hubble time scale. We
6have not addressed chemical equilibration which is re-
quired to obtain full thermal equilibrium. Related to
this, we have not studied the evolution of the remnant
energy in the inflaton field after preheating. It is possible
that one could set up coupled Boltzmann equations for
the distribution of both χ and φ particles, taking into
account the interactions, but the calculation would be
more involved. However, our results already show that
thermalization after preheating may be much more rapid
than what is concluded from leading-order perturbative
computations. This leads to a higher reheating tempera-
ture. Furthermore, our results have allowed us to make a
clear prediction for the total number of e-folds, following
the end of inflation, required to achieve thermalization
in the kinetic regime. The total time duration of the re-
heating phase is important for precise comparisons of the
predictions of inflationary models with cosmological ob-
servations (see, e.g., Ref. [22]). Our results may also be
important for physical phenomena which take place early
in the radiation phase of Standard Big Bang cosmology,
e.g. baryogenesis.
The results obtained in Sec. IV can also be applied to
determine the entropy in the χ field. The entropy density
associated with the phase space distribution fk is [17]
s ≡
∫
k
kfk
(
lnfk − 1
)
. (5.1)
Since fk approaches its kinetic equilibrium distribution
on the time scale τ = N , we conclude that the entropy
density in χ fluctuations approaches its equilibrium value
on the same time scale, and the resulting density should
read
s ∼ T 3R . (5.2)
This is particularly important when setting for instance
the abundance of possible dark matter candidates. Our
results then show that these abundances can in principle
be precisely defined soon after the kinetic equilibration
of the produced particles from preheating.
In this work we have studied kinetic equilibration in
the context of models in which inflation terminates in a
phase of broad band parametric resonance. However, our
analysis is equally applicable to models with tachyonic
preheating [23], since in both cases the fluctuation modes
with wavenumbers below a critical value kc are exactly
the ones that are excited, whereas shorter wavelength
modes are not. Thus, the procedure used here applies
similarly to the case of tachyonic preheating.
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